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Abstract 



Let V be a complex smooth projective fourfold with a nef tangent bundle. Then 
we show that X has a Chow-Kiinneth decomposition and that the motivic Lefschetz 
conjecture holds for X. We also show that if X is not the finite quotient of an abelian 
variety then X satisfies Murre's conjectures. More generally, we establish Murre's 
conjectures for complex fourfolds whose Chow group of zero-cycles is generated by 
zero-cycles on a product of curves. Fourfolds with a nef tangent bundle are instances 
of such fourfolds via a classification result of Demailly-Peternell-Schneider. 

Introduction 

Throughout this paper, algebraic cycles and Chow groups are with rational coefficients. 
Basically, understanding the motive of a smooth projective variety X of dimension d over 
a field k amounts to studying algebraic cycles on X x X, as well as their action on the 
cohomology groups of X and on the Chow groups of X. For example, Grothendieck's 
Lefschetz standard conjecture asserts that there should exist for all i > algebraic cycles 
7i € CH'^{X X X) inducing isomorphisms (7i)* : Hi{X) — )• H2d-i{X). If this is the case, 
then [1, 5.4.2.1] there exist algebraic cycles vTj E CH^iX x X) inducing the projections 
H^:{X) Hi{X) — > H^{X). Such algebraic cycles are called Kiinneth projectors. More 
far-reaching are Murre's conjectures [11]. These stipulate first that the Kiinneth projectors 
TTj above can be chosen to be pairwise orthogonal idempotents in CH(i{X x X) adding to 
the diagonal Ax- These conjectures then dictate that the action of the so-called Chow- 
Kiinneth idempotents ni on the Chow groups of X is prescribed and independent of choices. 
Precisely, Murre conjectured the following. 

(A) X has a Chow-Kiinneth decomposition {ttq, . . . , TT2d} '■ There exist mutually orthog- 
onal idempotents ttq, . . . , 7r2d £ CHd{X x X) adding to the identity such that (7ri)^,ff^,(X) = 
Hi{X) for ah i. 

(B) vTo, . . . , T^2i-i,T^d+i+i, • • • , 7r2rf act trivially on CHi{X) for ah I. 

(C) F^CHi{X) := Ker {it2i) n . . . n Ker {iT2i+i-i) doesn't depend on the choice of the 
TTj's. Here the vTj's are acting on CHi[X). 

(D) F^CHiiX) = Ker {CHi{X) ^ H2i{X)). 
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Given a Chow-Kiinneth decomposition {vro, . . . ,7r2d} for X, the motivic Lefschetz con- 
jecture is a generalisation to rational equivalence of the Lefschetz standard conjecture. It 
says that there should exist correspondences Fj € CH^{X x X) such that VTj o L*^^* °'^2d-i ° 
Tj o TTj = TTi and ^24-1 o o tTj o L'^"* o 7r2d_i = 7r2d-i in CHd{X x X). In other words, 
should induce an isomorphism of Chow motives {X,TT2d-i) {X,Tri,d — i) whose inverse 
is given by L*^"*. Here L is equal to the composition o ^T,, where l : H X is a smooth 
hyperplane section, is its graph in H xX and ^F^ is the transpose of T^. The statement of 
the motivic Lefschetz conjecture modulo homological equivalence is precisely the Lefschetz 
standard conjecture for X, see [1, 5.2.5.1]. 

A property of smooth projective varieties related to Murre's conjectures is Kimura's 
notion of finite-dimensionality [9]. We refer to [13, §3] for details on the links between those 
conjectures. Kimura's notion of finite-dimensionality for Chow groups has sparked a lot of 
interest recently because, when combined to Jannsen's semisimplicity theorem [7] , it makes 
it possible to exhibit certain idempotents modulo rational equivalence. Let's mention that 
varieties dominated by a product of curves (e.g. abelian varieties) are finite-dimensional 
in the sense of Kimura and, in characteristic zero at least, satisfy the Lefschetz standard 
conjecture. 

In this paper, motivated by a structure theorem for complex varieties with a nef tangent 
bundle of Demailly-Peternell-Schneider, which is recalled in section 1, we wish to prove 
these conjectures on algebraic cycles for varieties of dimension < 4 whose Chow group of 
zero-cycles is generated by the Chow group of zero-cycles on a product of curves. Here's 
our first result. 

Theorem 1. Let X be a smooth projective variety of dimension < 4 over a field k C 
C. Assume that there exist a smooth projective variety Y which satisfies Grothendieck's 
Lefschetz standard conjecture, as well as a correspondence F G CiJdimy(^ x X) such that 
the induced map (r^,(x))* : CHo{Yf.(^x)) ~^ CHo{X^x)) is surjective. Then X satisfies the 
Lefschetz standard conjecture. 

In particular, as explained earlier, theorem 1 gives the existence of Kiinneth projectors, 
i.e. of cycles vTj € CHd{X x X) inducing the projections H^{X) Hi{X) — > H^(X). 
Theorem 1 is a first step towards the proof of our main theorem. 

Theorem 2. Let X be a smooth projective variety over a field /c C C. Assume that 
there exist a smooth projective variety Y which satisfies the Lefschetz standard conjecture 
and which is finite- dimensional in the sense of Kimura, as well as a correspondence F G 
CLLdimYO^ X X) such that the induced map (F^x))* '■ CLLo{Y^x)) ~^ C!Hq{X^,(^x)) 
surjective. Then, 

• if dim X < A:, X has a Chow-Kiinneth decomposition which satisfies the motivic 
Lefschetz conjecture and Murre's conjecture (B); 

• if diva. X < 4 and dimY <3,X satisfies Murre's conjecture (D); 
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• if dim X <3, X is finite- dimensional in the sense of Kimura; 

• if dim X < 3 and dimy <2,X satisfies Murre's conjecture (C). 

Let's now assume that A; = C. Obvious examples of varieties X satisfying the assump- 
tions of theorem 2 are given by smooth projective varieties of dimension < 4 dominated 
by a product of curves. For such varieties, theorem 2 is essentially proved in [13, §4.2]. 
A typical and more general situation where the conditions of theorem 2 are met and for 
which the results of [13] are not sufficient is the following: 

x'--^x 

I 

/I 
y 
A 

Here, A is an abelian variety, / and g are dominant rational maps and a general fibre of 
a resolution of / has trivial Chow group of zero-cycles. Proposition 2.3 provides a corre- 
spondence r € Ci?dimA(^ X X) such that : Ci/o(^fc(x)) ~^ CHq{Xi^^x)) is surjective. 
Theorem 2.5 is then a reformulation of theorem 2 in this setting. 

Using the classification result of Demailly-Peternell-Schneider [4] which is recalled in 
section 1 we see that theorem 2 applies to complex varieties with a nef tangent bundle: 

Corollary 1. Let X be a complex smooth projective variety with a nef tangent bundle. 
Assume that dimX < 4. Then X satisfies the standard conjectures and X has a Chow- 

Kiinneth decomposition which satisfies the motivic Lefschetz conjecture and Murre's con- 
jecture (B). Moreover, if X is not the finite quotient of an abelian fourfold then X satisfies 
Murre's conjectures (D), and if X has dimension < 3 then X is finite- dimensional in the 
sense of Kimura. 

This corollary is proved in section 2, assuming theorem 2 whose proof is postponed to 
the two last sections. This corollary generalises a previous result of Iyer [6] who proved such 
a result for varieties of dimension < 3 with a nef tangent bundle. Iyer's proof depends on 
a result of Campana-Peternell [3] which states that, in the above picture, f : X' ^ Ais s, 
relative cellular variety over an abelian variety A and g : X' ^ X is finite etale. Our result 
is more general as it covers the cases where neither / nor g are assumed to be smooth. 

Theorem 1 is proved in section 3 along with theorem 3.6 - a result of independent 

interest which is a refinement of a theorem of Bloch and Srinivas [2]. Theorem 2 is split 
into a statement for fourfolds in theorem 4.1 and into a statement for threefolds in theorem 
5.2. Theorem 4.1 is proved in section 4 while theorem 5.2 is proved in section 5. We could 
have proved Murre's conjectures for threefolds as in theorem 2 along the same lines as 
for fourfolds. However, we decided to give a slightly different proof: we first prove that 
threefolds as in theorem 2 are finite-dimensional in the sense of Kimura and then deduce 
thanks to the results of [13] that they satisfy Murre's conjectures. Actually, proving Murre's 
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conjectures for threefolds as in theorem 2 is made simpler by using the fact that we can 
actually prove finite-dimensionality for them. As a corollary of the results of section 5 
we re-obtain Iyer's result [6] on the finite-dimensionality of threefolds with a nef tangent 
bundle. 

Conventions and notations. In this paper, we restrict ourselves to fields of character- 
istic zero for convenience. The characteristic zero assumption is essential to the proof of 
proposition 3.7 and is desirable for the proof of lemma 4.16. Lemma 3.1, proposition 3.2 
and theorem 3.6 are valid in any characteristic. 

Chow groups are always meant with rational coefficients and for short we write CHi{X) 
for CHi[X) 0z Q- A variety X over a field k is said to have trivial Chow group of zero- 
cycles if CHq{X) = Q. We say that a general fibre of a dominant morphism f : X ^ Y 
satisfies some property V if there exists a Zariski dense open subset U oi Y such that 
every closed fibre of f\u : X\u U satisfies property V. A complex smooth projective 
variety X is said to have nef tangent bundle Tx if the line-bundle Or^(l) on P(Tx) 
is nef. Motives are defined in a covariant setting and the notations are those of [12]. 
Briefly, a Chow motive M is a triple n) where X is a variety of pure dimension d, 

p G CHd{X X X) is an idempotent {p o p = p) and n is an integer. The motive of X is 
i){X) := {X,Ax,0), where Ax is the class of the diagonal in CHd{X x X). A morphism 
between two motives {X,p, n) and (Y, q, m) is a correspondence in qoCHd+m-n{^ x Y) °P- 
We have CHi{X,p,n) = p^CHi^ni^) and Hi{X,p,n) = p^Hi-2n{X), where we write 
Hi{X) := ii"2d-i(j5s:(C),Q) for singular homology. 

Aknowledgements. This work is supported by a Thomas Nevile Research Fellowship 
at Magdalene College, Cambridge and an EPSRC Postdoctoral Fellowship under grant 
EP/H028870/1. I would like to thank both institutions for their support. 

1 On the classification of varieties with a nef tangent bundle 

Theorem 1.1 (Demailly-Peternell-Schneider [4]). Let X he a smooth projective complex 
variety with a nef tangent bundle. Then there is an etale cover X' X of X such that 
X' ^ A is a smooth morphism over an abelian variety A, whoses fibres are smooth Fano 
varieties with a nef tangent bundle. 

Recall that the irregularity of a smooth projective complex variety X is the integer 
q{X) := dime H^iX. Ox)- Dcmailly, Pcternell and Schneider actually proved that X' as 
in the theorem above can be chosen to be any etale cover of X with maximum irregularity, 
i.e. 

q{X') = ma.x{q{X) : X ^ X finite etale}, 
and that X' A is the Albanese map from X to its Albanese variety. 
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2 Proof of corollary 1 assuming theorem 2 



Let's recall the following well-known lemma. 

Lemma 2.1. Let X he an irreducible variety over a field k and let rJx be a geometric 
generic point of X. Then, CHq[Xk) = Q for all field extensions K/k if and only if 

CHoiXr;^) = Q. 

Proof Let K/k be a field extension. The map CHq{Xk) — CHq{Xj^) induced by base- 
change is injective [5, Ex. 1.7.4] so that it is enough to show that if CHo^Xfj^) = Q then 
CHq{Xj^) = Q for all algebraically closed fields K/k. Fix a geometric point x G X{k), let 
K/k be an algebraically closed extension and let p : Spec K —?■ Xj^ be a closed point of 
Xj^ over K. The composite morphism of schemes Spec K Xj^ — t- X factors through a 
morphism Spec L X, where L is an algebraically closed field isomorphic to a field sitting 
between k and k{X). The restriction of X to Spec k{X) — )■ Spec L — Spec k is 

isomorphic as a scheme to Xjj-^. By assumption CHo{Xrj^) = Q, so that CHo{X-j^^) = Q 
as well. The base-change map CHo{Xl) C HQ{Xy-^) is injective so that CHq{Xl) = Q. 
Thus the image of the natural morphism Spec L — ?• Xl is rationally equivalent to in X^. 
It follows that p is rationally equivalent to Xj^ in Xj^ and hence that CHq(Xj^) = Q. □ 

Lemma 2.2. Let f : X' ^ Y be a dominant morphism between smooth projective complex 
varieties. Assume that a general fibre F of f satisfies CILq{F) = Q. Let K/C be a field 
extension. Then a general fibre F of fx '■ X'j^ — > Yk also satisfies CHq{F) = Q. 

Proof. Let K/C be a field extension and let U C Y he a Zariski open subset of Y such 
that for all P G U{C) we have CHo{Xp) = Q. Every fibre F of (//<-) |[/^ admits a finitely 
generated extension of C as a field of definition. Therefore, according to lemma 2.1, we 
only need consider the case of fields K/C which are algebraically closed and of finite 
transcendence degree over C. Let then K/C he an algebraically closed field extension of 
finite transcendence degree and let Q : Spec K — > Uj^ be a closed point of Uj^ over K. 
Choose an isomorphism K 2± C and consider the commutative diagram 

Spec K ^ C% 




Spec K. 

If we pull-back this diagram along the isomorphism C ^> K, then we see that X'q is 
isomorphic as a scheme to a closed fibre F of X'\u — )■ U (thanks to Burt Totaro for 
noticing this). By definition of Chow groups, we have CH'^{Xq) ~ CH'^{F) and we may 
conclude that CHo{X'q) = Q. □ 
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Proposition 2.3. Let f : X' — ■> Y be a dominant rational map between smooth projective 
complex varieties. Assume that a general fibre F of a resolution of f satisfies CHq{F) = Q. 
Let then g : X' X be a dominant rational map to a smooth projective variety X of 
dimension d. Then there exists a correspondence F G CH'^{Y x X) such that {Tr)* '■ 
CHq{Yk) — > CHq{Xk) is surjective for all field extensions K/C. 

Proof. Let ip : X' ^ X' he a resolution of / such that a general fibre F of f o ip satisfies 
CHo{F) = Q.^By lemma 2.2 and by [12, Theorem 1.3] t^here is a correspondence 7 G 
CHdiiaY{Y X X') such that (7^)* : CHo{Yk) — Ci?o(^/c) ^^^^ isomorphism for all 
field extensions K/C. The rational map g o ip is dominant and because the Chow group 
of zero-cycles is a birational invariant for smooth proper varieties [5, 16.1.11] we get, up 
to resolving g o ip, that {gx ° ^k)* '■ CHq{X'j^) — > CHq{Xk) is surjective. Therefore 
the correspondence T := r^oi^ o 7 G CH'^^^-^ {Y x X) induces a surjective morphism 
(r^)* : CHq{Yk) CHq{Xk) for ah field extensions K/C. □ 

Corollary 2.4. Let X be a variety of dimension d with a nef tangent bundle. Then there 
exist an abelian variety A of dimension < d and a correspondence T G CH'^{A X X) such 
that (r;^)* : CHq{Ak) CHq{Xk) is surjective for all field extensions K/C. 

Proof. By theorem 1.1, there is a finite etale morphism X' ^ X and a smooth Fano 
fibration X' A over an abelian variety. Fano varieties are rationally connected and 
hence have trivial Chow group of zero-cycles. We can now apply proposition 2.3. □ 

Because every abelian variety satisfies the Lefschetz standard conjecture [1, 5.2.4.5] and 
is Kimura finite-dimensional [9], corollary 2.4 settles corollary 1 assuming theorem 2. We 
actually get from proposition 2.3 a more general statement. 

Theorem 2.5. Let f : X' — ■» Y be a dominant rational map between smooth projective 
complex varieties. Assume that a general fibre F of a resolution of f satisfies CHq{F) = 

Q and assume that Y is Kimura finite- dimensional and satisfies the Lefschetz standard 
conjecture. Let then g : X' — ^ X be a dominant rational map to a smooth projective 
variety X. Then, 

• if dimX < 4, X has a Chow-Kiinneth decomposition which satisfies the motivic 
Lefschetz conjecture and Murre's conjecture (B); 

• if d\mX < 4 and dimy <3,X satisfies Murre's conjecture (D); 

• if A\mX < 3, X is finite- dimensional in the sense of Kimura; 

• if diva. X < 3 and diml^ <2, X satisfies Murre's conjecture (C). 

Proof. By proposition 2.3, there exists a correspondence F G CH'^iY x X) such that 
ij^k{x))* '■ CHq{Y^x)) ~^ CHq{X}.(^x)) is surjective. We can therefore apply theorem 
2. □ 
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3 Proof of theorem 1 



In order to prove theorem 1, we need a slight refinement of the decomposition of the diagonal 
argument of Bloch and Srinivas which appears in [2]. This is embodied in theorem 3.6. It 
will also prove useful for the proof of theorem 2. Up to the statement of proposition 3.7, 
there is no restriction on the characteristic of the base field k. 

First we prove a lemma which is quoted in [1, 3.1.4] without proof. Let X, X', Y and 
Y' be smooth projective varieties over a field k. Let a G CHp{X' x X), b € CHq(Y x Y') 
and 7 G CHj.{X x Y) be correspondences. Let's write (*a, 6) := r*(*a x 6), where r : 
X X X' X y X y — )■ X X y X X' X y is the map permuting the two middle factors. 

Lemma 3.1. We have the formula 

(*a, 6)*7 = 6 o 7 o a G Ci/p+^+^-dimJC-dimy x Y'). 

Proof. If Xi, X2, . . . , X„ are varieties and if 1 < zi < . . . < < n are integers, let's write 
P^^^x '^x ^^'^ projection Xi x X2 x . . . x X„ Xj^ x Xi,^ x . . . x Xj^. 

Although this is essentially done in [5, 16.1.1], let's first prove the lemma in the case 
when a and h are graphs of morphisms or the transpose thereof. After transposing, we 
see that, for this purpose, it is actually enough to prove that (Ax,&)*7 = 6 o 7 for 7 G 
CHr{X x y) and b G CH^(Y x Z) in the following cases: b is the graph of a morphism 
/ : y — > Z or 6 is the transpose of the graph of a morphism g : Z ^ Y . The first case 
is [5, 16.1.1.(c).(i)]. Let's give a proof in the second case as an illustration of the method. 
Let h : Z ^Y X Z he the morphism z ^ {g{z), z). Then we have h = ^Vg = h^[Z\. Now, 

*rg0 7 = {pxz)*{ijPYzh*[Z])f^P*xYl) 

= (pxz)* ((idx X hUp^^r [Z] n p*j,yj) 

= {pxz)*{iidx X h)^{idx x h)*p*xYl) 

= {idx X 5)*7 

= (Ax,*r,),7. 

Here, we have omitted the superscript "XyZ". The first equality is by definition of the 
composition law for correspondences. The second equality follows from the fibre square 

XxZ^XxYxZ 



PYZ 

-Y X Z. 



The third equality follows from the projection formula. The fourth equality follows from 
the equalities pxY ° {idx x h) = idx x g and pxz ° {idx x h) = idxz- 

Let's now consider the case X = X' and b = [W], where W is an irreducible subvariety 
of y X y' of dimension q. We are going to prove that b is the composite of the graph of 
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a morphism with the transpose of the graph of another morphism. For this purpose, let's 
consider an alteration a :W ^ W and let's define the composite morphism h :W ^ W "-^ 
Y X Y'. Then, by proper pushforward, we have deg{a) ■ b = Now, 

deg((T)-6o7 = {pxY')*{{PYY'h*[W])np*xYl) 

= {pxY'Uiidx X hUp§rr[w]np*^y^) 

= {pxY')*{{i<ix >i h)^{idx -x h)*p*^Y-f) 

= {idx X {pX^T' o h))^{idx x {p^" o h))*-f 

u 



= {Ax,T^YY'J.{Ax,'r^YY'J.7 



Here, we have omitted the superscript "Xyy' " . The first equality is by definition of the 
composition law for correspondences. The second equality follows from the fibre square 

X xW X xY xY' 



Pyy' 



w X Y'. 

The third equality follows from the projection formula. The fourth equality follows from 
the equalities pxyo(^fi^x X /i) = idx x (py^ °h) and pxY'° {idx xh) = idx x (pyr The 
fifth equality is [5, 16.1.2.(c)]. Finally, the last equality follows from the cases previously 
treated. 

This last equality holds for all smooth projective varieties X, all integers r and all 
correspondences 7 G CHr{X x Y). By Manin's identity principle [1, 4.3.1], we get 

deg(a)-6 = r.,,„,o*r^,,,^^. (1) 



Let's now consider a correspondence b G CHq{Y x Y'). Let Wi be irreducible sub- 
varieties of y X y and let bi be rational numbers such that b = Yli " \Wi\ let 
ai : Wi ^ Wi be an alteration and let hi : Wi ^ Y x Y' he the composite of crj with the 
embedding Wi^Y x Y' . Then, thanks to (1), we have 

6=7 — • r YY' I. O *r YY' u ■ 

^ deg Oi Pyi Py 

Likewise let Vj be irreducible subvarieties of X' x X such that a = aj ■ [Vj] and let 

Tj '■ Vj Vj be an alteration and let gj : Vj ^ X' x X he the composite of Tj with the 
embedding Vj ^ X' x X . Then we have 

^degr,- Px''°9j pJ,^off, 

3 ■' 
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We have thus reduced the proof of the lemma to the case where a and b are either 
graphs of morphisms or the transpose thereof. This was taken care of at the beginning of 
the proof. □ 

Along the proof of lemma 3.1, we have actually proved the following which is unsur- 
prising but for which we couldn't find a reference. 

Proposition 3.2. Let X and Y be sm,ooth projective varieties over a, field k. Let 7 G 
CHg{X X Y) be a correspondence and let's choose a representative 7 = ^ ' 
Gi : Ci C'i be an alteration and let hi : d ^ d ^ X x Y . Then 



Remark 3.3. It is actually easy to see thanks to the projection formula that the corre- 
spondences 7 and deg<7- '^p^'^ohi°*^p^^oFH °^ proposition 3.2 induce the same action on 
CH^{X). As such, we could have concluded the proof of lemma 3.1 directly by saying that 

(Ax,r YY' L)*(Ax,*r YY' i,)*7 = (Ax,fe)*7 thanks to the projection formula. However, 
Py' ° Py ^ 

we thought that the statement of proposition 3.2 was interesting by itself and deserved to 
be written down for future reference. 

Lemma 3.4. Let X, Y and Z be smooth projective varieties over a field k. Let d := dimX 
and let F G CHq{Y x Z) be a correspondence. Then the following diagram commutes. 

CHr{X X Y) ^ CHr-d{k{X) X Y) 



(Ax,r). 



(rfc(x))* 



CHq+r-dimY{X X Z) ^ C H q^r-d-AiinY {k{X) X Z). 

Proof. This diagram is obtained as the direct limit over the open inclusions ju '■ U ^ X 
of the diagrams 

CHr{X X X) ^ ^^u^xh ^ CHr{U X X) 



{Ax,r)* 



(A(7,r). 



CHq^r-diuiYi^ X Y) ^ CHq+r-diuiviU X Y). 

The action of (A;7,r) on CHr{U x X) is well-defined because (A;7,r) has a representative 
whose support is proper over U x Y, cf. [5, Remark 16.1]. These diagrams commute for 
all U for the following reason. Let U, V and W be nonsingular open varieties and let 
a G CHi{U X V) (resp. /? G CHjiV x W)) be a correspondence which has a representative 
which is proper over U and V (resp. V and W). Then, by loc. cit., it is possible to define the 
composite /3oa and to show as in [5, Proposition 16.1.2(a)] that {(3oa)^ = P^oa^, on cycles. 
We may now conclude by checking that (A[/,r) o (*Tj^,Ax) = (*rjj^,Ay) o {Ax,T) = 

(*r,a,r). □ 
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Lemma 3.5. Let X and Y be smooth projective varieties over a field k. Let T G CHn{X x 

Y) be a correspondence. Let rjx be the generic point of X and let [rjx] S C^o(-^fc(x)) 
be the class of rjx viewed as a rational point of X^x) ■ Then, under the natural map 
CHn{X X y) ^ CHn-A\mx{KX) X 1"), T IS mapped to {Tk(x))*[vx]- 

Proof. Let d, := dimX. Thanks to lemma 3.4 we have the following commutative diagram 
whose rows are exact by localisation 

CHd{X X X) ^ CHo{k{X) X X) ^ 



(Ax,r)* 



(rfc(x))« 



CHniX X Y) > CHn-d{k{X) X Y) ^ 0. 

Since the map CHd{X x X) ^ CHo{k{X) x X) is obtained as the direct limit, ranging 
over the open subsets U of X, of the flat pullback maps CH(i{X x X) — > CHq{U x X), we 
see that [Ax] G CHd{X x X) is mapped to [ijx] G CHo{k{X) x X). Besides, by lemma 
3.1, {Ax, r)* Ax = r o Ax = r. The lemma then follows by commutativity of the diagram 
above. □ 

Theorem 3.6. Let M = {X,p) and N = {Y,q,n) be two motives over a field k and let 
if : N ^ M be a morphism. Suppose that {(Pk{x))* '■ C!Hq{N^x)) ~^ CHq{M^x)) 

surjective. Then there exist a morphism Ti : M ^ N , a smooth projective variety Z of 
dimension dimX — 1 over k and a morphism T2 ■ M M that factors through the motive 
{Z, /S.Z, 1) such that 

p = if QV1 + V2. 

Proof. Thanks to lemma 3.4 we have the following commutative diagram, whose rows are 
exact by localisation. 

CHd-„{X X Y) ^ CH^niHX) X Y) > 



(Vfe(X))* 



CHd{X X X) ^ CHo{k{X) X X) ^ 0. 

Let rjx be the generic point of X and let's view it as a rational point of k{X) x X over k{X). 
Then p G CHd{X x X) maps to {Pk(x))*Vlx] € CHQ{k{X) x X) by lemma 3.5. Because 
((/Pfe(x))* : CHo{Nf;(^x)) CHo{M^x)) is surjective, there exists y G CH-nik{X)xY) such 
that {(pk(x))*y = iPk{X))*['nx]- Let a be a lift of y in CHd-niX x Y). By commutativity of 
the diagram, we have that r2 := p— (Ax, <^)*a maps to zero in CHQ(k{X) x X). Therefore, 
by the localisation exact sequence for Chow groups, r2 is supported on D x X for some 
codimension-one closed subscheme D of X, i.e. there is a ^ G CHd{D x X) that maps to 
Let's write L : D ^ X for the inclusion map. li a : Z ^ D is an alteration of D, then 
we sec that actually there is a 7 G CHd{Z x X) that maps to r2 under the natural map 
CHd{Z xX) CHd{XxX). By lemma 3.1, we then have r2 = ((^-ocr) x idx)*7 = rtoo-07. 
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so that r2 factors through (Z, Az, 1). By lemma 3.1 again, we have (Ax, = (p o a, so 
that if we set Fi := q o a o p then we have p = (p oTi + T2. □ 



Proposition 3.7. Let X be a smooth projective variety of dimension d defined over a 
sub field of C and let k > d. Assume that Hk{X) = NW-^i-^HkiX). Here N denotes the 
niveau filtration of [13]. In other words assume that 

• if k is odd, there exist a threefold and a correspondence Fj. G CHk+s (Yk x X) such 

2 

that (r,t)* • H^{Yk) — 7> Hk{X) is surjective, and 

• if k is even, there exist a surface and a correspondence T/^ G CHk+2 (Zk x X) such 

2 

that (Tk)* '■ H-ziZk) — > Hk{X) is surjective. 

Then X satisfies the Lefschetz standard conjecture in degree k. □ 

Proof. Let A; > d be as in the proposition and let r be equal to 2 if /c is even and to 3 if /c 

is odd. Let F be a smooth projective variety of dimension r and let T G CHk+s (Y x X) 

2 

be a correspondence such that : Hr{Y) Hk{X) is surjective. Let L be the map 
Hk{X) — >■ H2d-k{^) induced by intersecting k — d times with a hyperplane section of 
X. The hard Lefschetz theorem says that L is an isomorphism. We have to prove that its 
inverse is induced by an algebraic cycle. For this purpose, it is actually enough to construct 
an algebraic cycle a € CHci+k{X x X) that induces a morphism a* : H2d-k{^) ~^ H^i^X) 
which is injective. Indeed, in that case, a* o L : Hk{X) — >■ Hk{X) is an automorphism for 
dimension reasons. By the theorem of Cayley-Hamilton, its inverse is given by P{a^ o L) 
for some polynomial P. Hence, the inverse to a* o L is induced by a correspondence 
P € CH(i{X X X). It is then clear that Poa induces the inverse of L : Hk{X) — > H2d-k{^)- 
Let L : Hy Y he a smooth hyperplane section and write Ly for the correspondence 
Ft o *Ft G CHr-i{Y X Y). Consider the Lefschetz decomposition Hr{Y) = Hr{Y)prim © 
{LY)^:Hr+2iY). This decomposition is orthogonal for the cup-product on H^iY) and if 
pi denotes the orthogonal projection on {Ly)^,Hr+2(Y), then the Hodge index formula 
says that the Hodge structure Hr{Y) endowed with the bilinear form (— , {id — 2pi)(— )) is 
polarized. Because the Lefschetz standard conjecture holds in degrees < 1, there exists a 
correspondence A G CHr+2iY x 1") whose action on Hr-2{Y) is the inverse to the Lefschetz 
isomorphism Ly ■ Hr+2{Y) — )• Hr-2{Y). Because Hr{Y)prim is the kernel of the action of 
Ly on Hr{Y), it follows that the correspondence B := Ly o Ao Ly acts on Hr{Y) as pi 
does. Consider then the correspondence s := Ay — 2B G CHj.{Y x Y). The dual map to 
F* : Hr{Y) Hk(X) is injective. This yields that the correspondence Foso*F induces an 
injective map H2d-k{_^) Hk{X) and we are done. □ 

Proof of theorem 1. By theorem 3.6, we get that 

Ax = T oTi + r2 € CHdiX xX), 
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for some correspondence Fi G CH(i{X x Y) and some correspondence r2 G CH(i{X x X) 
that factors as r2 = ao/3 for some smooth projective variety Z and for some /3 G CH'^{X x 
Z) and some a G CiI<i(Z x X). By looking at the action of Ax on H^{X), we see that 

H^{X) = V\H^{Y) + I3*H^-'^{Z). 

This settles theorem 1 thanks to proposition 3.7. □ 



4 On the motive of fourfolds with a nef tangent bundle 

In this section we prove the first two points of theorem 2, i.e. we prove theorem 2 when 
dimX = 4. Precisely we prove the following (the case dimX = 3 is postponed to the next 
section) . 

Theorem 4.1. Let X he a smooth projective fourfold over a field A; C C. Assume that there 
exist a smooth projective variety Y which satisfies Grothendieck's Lefschetz standard con- 
jecture and which is finite- dimensional in the sense of Kimura, as well as a correspondence 
r G Ci?dimy(5^ X X) such that the induced map {^^(^x))* '■ CHq(Yi^(^x)) ~^ CHq{X^x)) 
is surjective. Then X has a Chow-Kunneth decomposition which satisfies the motivic Lef- 
schetz conjecture and Murre's conjecture (B). If moreover dimY < 3, then X satisfies 
Murre's conjecture (D). 

Theorem 4.1 is divided into propositions 4.11, 4.12, 4.15 and 4.19. 

Let's denote by M. the category of Chow motives with rational coefHcients. This is a 
rigid (^-category which is pseudo-abelian. A full subcategory of Ad is said to be rigid if 
it is stable by tensor product and dual, it is said to be thick if it is stable by direct sum 
and direct summand. We then define the thick and rigid full subcategory Mfd ol M. 
whose objects consist of motives which are finite-dimensional in the sense of Kimura [9]. 
It contains the motives of curves. 

Let's then denote by M. (resp. Mfd) the reduction modulo numerical equivalence 
of 7W (resp. Mfd)- Jannsen [7] proved that the category M. of motives for numerical 
equivalence is abelian semi-simple. 

Lemma 4.2. Let M he an ohject in Mfd- Then the map End>i(M) — )• End;y\;j(M) has 
nilpotent kernel. 

Proof. This is due to Shun-Ichi Kimura [9, Prop. 7.5]. □ 

Here is an important consequence of lemma 4.2. 

Lemma 4.3. The functor Mfd — ^ Mfd is conservative, i.e. if M and N are objects in 
Mfd cLnd if f & Hom(M, A^) is such that f : M ^ N is an isomorphism then f is an 
isomorphism. □ 
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The following proposition is well-known. 

Proposition 4.4. Let M = {X,p,n) be an object in Mfd- If X satisfies Grothendieck's 
Lefschetz standard conjecture, then X has a Chow-Kunneth decomposition. 

Proof. The motive M(— n) is isomorphic to a direct summand of ^{X) := (X, Ax)- By 
[1, 5.4.2.1], X has a Kiinneth decomposition. Since the Kxinneth projectors are central, it 
follows that M{—n) has a Kiinneth decomposition and hence so does M. By [8, Lemma 
5.4], lemma 4.2 implies that this Kiinneth decomposition of M lifts to a Chow-Kiinneth 
decomposition of M. □ 

In the case of effective motives, we have the following refinement. 

Proposition 4.5. Let X he a variety that satisfies the Lefschetz standard conjecture and 
let p € Ci7dimx(-^ X X) be an idempotent. Assume that M = {X,p) is isomorphic to an 
object in Mfd- Then every Chow-Kiinneth decomposition M = ©o<i<2 dim x satisfies 
the following property: There exist smooth projective varieties Yi of dimension < i such 
that Mi is isomorphic to a direct summand of \:){Yi) := (1^, Ay.). 

Proof. Since any direct summand of a finite-dimensional motive is finite-dimensional, the 
motive Mj is isomorphic to an object in Mfd- Let's write Mj = {X,pi). Let Yi be 
a smooth linear section of X of dimension mm(i,d). Because X satisfies the Lefschetz 
standard conjecture, by [1, 5.2.5.1], we have that the morphism t){Yi) — > Mj is surjective. 
By semisimplicity it has a retraction, and by finite-dimensionality of Mj we see thanks to 
lemmas 4.2 and 4.3 that Mj is isomorphic to a direct summand of t)(lj). □ 

If X is a variety as in theorem 2, by semisimplicity let's consider the largest submotive 
of i){X) that belongs to Mfd and let's denote it by M. In other words, we have 

M = ^Im(P->^(X)), 

where the sum runs through all objects P in Mfd and all morphisms P — )■ f)(X) in 
Hom^(P, t){X)). By finite-dimensionality the direct summand M of t){X) lifts to rational 
equivalence to a direct summand M of i){X). Let's then write 

(★) i){X) = M®N. 

The motive M is unique up to (non-unique) isomorphism thanks to lemma 4.3. By con- 
struction of M, the motive N satisfies the property that any morphism P N for P 
finite-dimensional is numerically trivial. It also satisfies the property that any morphism 
N ^ P for P finite- dimensional is numerically trivial. Indeed, if not, then the image 
of N P is non-trivial and by finite-dimensionality of P it lifts to a non-trivial motive 
in Mfd which is isomorphic to a direct summand of N. By conservativity (lemma 4.3) 
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this gives a non-trivial direct summand of N that hes in M.fd- This is not possible by 
construction of N. It follows by looking at the dual decomposition 

(*^) i}{X) = [)(X)^(4) = M^(4) e iV^(4) 

that is isomorphic to A^^(4) modulo numerical equivalence and that M is isomorphic 
to M^(4) modulo numerical equivalence. By lemma 4.3 (or by unicity of M up to isomor- 
phism, as discussed above), we get that M is isomorphic to M^(4). Deciding if N in the 
decomposition (★) is unique up to isomorphism doesn't seem easy, see remark 4.17 below. 

Lemma 4.6. Let N = {X,p) be a Chow motive in M. Assume that there is an object P 

in Mfd o-nd a morphism 7 G Hom(P, A'^) such that 7 is nmnerically trivial and (7fc(x))* • 
CHo(P^x)) ~^ CHo{N^x)) is surjective. Then CHq{Nk) = for all field extensions 
K/k. 

Proof. By theorem 3.6 we get the existence of Fi G Hom(A^, P) and of r2 G End({)(X)) 
which factors through (Z, A^,l) for some variety Z such that p = 7 o Fi + The 
arguments below work equally well after base change to K and without loss of generality 
wc therefore assume K = k. The action of F2 on CHq{X) factors through CHq(Z, Az, 1) = 
CH^i(Z) = 0, so that F2 acts trivially on CHq{X). Therefore p^..x =(70 Fi)*.t for all 
X G CHq(X). Since p is an idempotent we also get p^^x = (7oFi)°'^x for all positive integers 
n and all x G CHq{X). By assumption 7 is numerically trivial. Hence Fi o 7 G End(P) is 
numerically trivial. Now P belongs to J^pD and lemma 4.2 yields that Fi 07 is nilpotent. 
We have thus proved that p^x = for aU x G CHo{X), i.e. that CHq{N) = 0. □ 

Proposition 4.7. Let N be as in (ic). Then CHq{Nk) = for all field extensions K/k. 

Proof. Let's check that the assumptions of lemma 4.6 are fulfilled by A^. By construction, N 
has no direct summand isomorphic to an object in TWfd- By the assumptions of theorem 2, 
the correspondence F G Hom({)(y), 1}{X)) induces a surjcction Ciifo(^fe(x)) ~^ CHq{X^x)) 
and it follows that the induced map Ci/o(^fc(x)) ~^ CHq{Nj,(^x)) is also surjective. □ 

Proposition 4.8. There exists a smooth projective variety Z of dimension 3 and an idem- 
potent q G CHz{Z X Z) such that N ~ (Z, g, 1). 

Proof. By proposition 4.7 we have C HQ^N^f^x)) = 0- The statement thus follows immedi- 
ately from theorem 3.6. □ 

In the next two propositions we write N' := {Z,q). 

Proposition 4.9. Ho{N') = and Hi{N') = 0. Similarly Ho{Z,^q) = and Hi{Z,*q) = 
0. 
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Proof. In [12], we constructed mutually orthogonal idempotents qq and qi that commute 
with q with the following properties: 

• HQ{Z,q) = H4Z,qo) and Hi{Z,q) = H4Z,qi), 

• (Z^qo) is isomorphic to I'* where n = dimHQ{Z,q) and {Z,qi) is isomorphic to the 

f)i of an abelian variety. 

Hence if Ho{N') 7^ or Hi{N') / 0, then N' has a non-trivial direct factor that belongs 
to J^FD- This is a contradiction. Likewise the motive {Z,^q) = (A^')^(3) cannot be such 
that Ho{Z, *g) 7^ or Hi{Z, *q) 7^ 0. □ 

Proposition 4.10. H^,{N') = H2{N'), i.e. N' is pure of weight 2. 

Proof. By proposition 4.9 wc already know that Hq{N') = and Hi{N') = 0. From the 
discussion following the decomposition (^^), we have that A'''(l) is isomorphic to {N )'^(3) 
and hence that {Z,q,0) is isomorphic to (Z, *g, — 1) modulo numerical equivalence. These 
two motives arc isomorphic to direct summands of 1). Because X satisfies the Lef- 

schetz standard conjecture, X also satisfies the Kiinncth standard conjecture [1, 5.4.2.1]. 
Jannsen's [7, Corollary 1] implies that {Z,q,0) is isomorphic to {Z,^q,—1) modulo ho- 
mological equivalence. Thus Hi{Z,q) ~ Hi^2{Z,^q). By Poincare duality the Q-vector 
spaces H^{Z,^q) and H\{Z,q) have same dimension. The Q-vector spaces HQ{Z,*q) and 
HQ{Z,q) have same dimension, too. By proposition 4.9 again, we get H^lN') = and 
H4^{N') = 0. That Hi{N') = for i > 4 is straightforward in view of the isomorphism 
Hi{Z, q) ~ Hi+2{Z, *g) and of the fact that dim Z <3. □ 

Proposition 4.11. X satisfies Murre's conjecture (A). More precisely, X has a Chow- 
Kunneth decomposition {vrj : < i < 8} with the following property: i/i < 4, then (X, vTj) 
is isomorphic to a direct summand of\){Yj) for some variety Yi of dimension i. 

Proof. We have the decomposition (*) i){X) = M ® N, where M finite-dimensional in 
the sense of Kimura and TV is pure of weight 4 by proposition 4.10. By theorem 1, X 
satisfies the Lefschetz standard conjecture. By proposition 4.5, M has a Chow-Kiinneth 
decomposition {ttq, vri, 7r2, TTa, 774, tts, TTe, vrr, vrg} with (X, tTj) being isomorphic to a direct 
summand of f)(li) for some variety Yi of dimension min(i, d). Let's then write N = {X, irl) 
and let's define 7r4 := tt^ -|- ttI. It follows that {-/rj : < i < 8} is a Chow-Kiinneth 
decomposition for X with the stated property. □ 

Prom now on, X comes with the Chow-Kiinneth decomposition constructed above and 
all the statements below are for X endowed with this Chow-Kiinneth decomposition. 

Proposition 4.12. X satisfies the motivic Lefschetz conjecture. 

Proof. By theorem 1 we know that X satisfies the Lefschetz standard conjecture, so that the 
morphism (X, TTs-i) — )■ {X, tTj, 4 — z) induced by intersecting A — i times with a hyperplane 
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section is an isomorphism modulo numerical equivalence, see [1, 5.2.5.1]. The motives 
{X, TTg-i) and {X, tTj, 4 — i) are Kimura finite-dimensional for all i < 4. By proposition 4.3, 
the morphisms {X, irg-i) {X, tTj, 4 — are then isomorphisms for all i < 4. □ 

Lemma 4.13. Let N = {Y,q) be a motive and let r G Ci7dimy(^ x ^) be an idempotent 

such that {Y,r) is finite- dimensional in the sense of Kimura. Assume that for an integer i 
we have CHi{Y) = CHi{Y, r) . If either qor or roq is numerically trivial, then CHi{N) = 0. 

Proof. It follows immediately that r o q o r € End(y, r) is numerically trivial. By lemma 
4.2, r o q o r is nilpotent. By assumption r acts as the identity on CHi{Y), therefore 
(r o g o r)°^ acts the same way as on CHi(Y) for all integers N > 0. Because q is an 
idempotent we see, after taking N large enough, that q acts trivially on CHi{Y), i.e. that 
CHi{N) =0. □ 

Lemma 4.14. Let {Y,q) be a motive. IfH'^(Y,q) = H^iY,q) = 0, then CH^{Y,q) = 0. 

Proof. Let tt^^^ be an idempotent in CILdimY{Y x Y) such that (5^, 7r^/p) is isomorphic 
to l(dimy — 1)®^(^). Here p{Y) is the rank of the Neron-Severi group of Y. Let tt^ G 
CHdiraviY X Y) be Murre's Picard projector [10]. It is such that {Y,tt^) ~ f)i(Pic?.), 
CH*{Y,TT^) = CH\Y)nnm and H*{Y,7r^) = H'^{Y). It is easy to check that vr^^^ o vr^ = 0, 
so that if we replace tt^^^ with (1 — ^tt^) ovr^^^ and tt^ with tt^ o (1 — ^ir^ig), we get orthogonal 
idempotents having the same properties as the ones listed above. 

Let's then define r := tt^^^ + tt^. Then {Y,r) is finite-dimensional and CH^{Y,r) = 
CLL^{Y). Also by assumption, we have that gor is homologically trivial and hence numer- 
ically trivial. We can therefore conclude by lemma 4.13. □ 

Proposition 4.15. X satisfies Murre's conjecture (B). 

Proof. By propositions 4.11 and 4.12, we know that, for z < 4, there exist varieties Yi of 

dimension i such that (X, VTj) is isomorphic to a direct summand of t}(li) for i < A and 
such that {X, vrj) is isomorphic to a direct summand of [)(l8_i)(i — 4) for i > 4. The result 
then follows immediately from lemma 4.14. □ 

Lemma 4.16. If dixaY < 3, then CHq{X^x),*A) = 0- 

Proof. The variety Y is Kimura finite-dimensional and satisfies the Lefschetz standard 
conjecture. Therefore, by [13, Prop. 4.6 & Th. 4.8] which is stated below as theorem 5.4, Y 
has a Chow-Klinneth decomposition {nj ,0 < i < 6} that satisfies Murre's conjecture (B). 
In particular, CiJo(^A;(x)) = 0i<3 CHo{Y^x): {T^Y)k{x))- We know from the assumptions 
on X that there is a correspondence T G CH^iY x X) such that iVk{x))* '■ CHq{Y^x)) ""^ 
CIIq{Xi^(^X)) is surjective. By finite-dimensionality of Y, the image of the morphism T : 
0j<3(y, 7f^) — > f)(X) lifts to a direct summand of i){X) that we write {X,r). We now 
claim that CHq{X^x)) = C'i/o(-'^fc(x)) ^fc(x))- For this purpose we have to show that 
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CHo{Xj^i^x)j ^Xk(x) ~ ^fc(x)) — 0- T^^^^ follows from lemma 4.6 with 7 = (Ax — r) oF. The 
motive {X, r) is Kimura finite-dimensional and has homology only in degrees < 3. The 
motive (X, vr^) is pure of degree 4 and so is the motive (X, 'tt^) by Poincarc duality. Thus 
both or and *7r4 or are homologically trivial and hence numerically trivial. Lemma 4.13 
then implies that Ci?o(^fe(x), ^r^) = and Ci7o(-'^fc(x), ^^r^) = 0. □ 

Remark 4.17. The reason for focusing on C Hq{Xp.(^x) > ^^4) rather than on CHq{Xj^(^x) ; ''''4) 
will become apparent in the proof of proposition 4.19. What we want to prove is that tt^ 
and ttI have representatives supported on X x D for some divisor D inside X. Knowing 
CHq{X^x) ) "^'i) = only gives that tt^ = 'k'1 + it\ has a representative supported on x X. 
It would then be possible to conclude that tt/^ = tt^ + 'k\ has a representative supported 
on X X Z) if we could show that {X^t:^) is isomorphic to (X, *7r4). This I cannot show. 
(Even though it is possible to show that {X, Ax — 7r4) is isomorphic to {X, Ax — ^t^a) by 
finite-dimensionality. ) 

Lemma 4.18. Let (X, 7r2n) he a mMive over a field k C C of pure weight 2n. Assume that 
(X, TT2n) is isomorphic to a motive {Y, q, m) for some variety Y of dimension < n + 1 — m. 
Then, 

Ker ((7r2„)* : CHn{X) ^ CHn{X)) = Ker (Ci/„(X) ^ H2niX)). 
In other words, the n-cycles on X satisfy Murre's conjecture (D). 

Proof. This is proved in [13, Lemma 4.16]. □ 

Proposition 4.19. The i-cycles on X satisfy Murre's conjecture (D) for i ^ 2. Moreover, 
i/diml" < 3, then the 2-cycles on X also satisfy Murre's conjecture (D). 

Proof. By propositions 4.11 and 4.12, 7ro,7r2,7r6 and vrg satisfy the assumptions of lemma 
4.18. Therefore the i-cycles on X satisfy Murre's conjecture (D) for i 7^ 2. 

Let's now assume that dimF < 3. By lemma 4.16 and theorem 3.6, it follows that 
(X, *7r4, —1) is isomorphic to a direct summand of the motive of a threefold. Now proposi- 
tions 4.7 applied to the decomposition (*^) instead of the decomposition (★) gives CHq{N^-^^ 
0. It follows from proposition 4.8 applied to X^(4) that X^(3) = (X, 'vr^, —1) is isomorphic 
to a direct summand of the motive of a threefold. Recall that we have the orthogonal sum 
7r4 = -|- . The motive (X, 7r4) is then isomorphic to a direct summand of the motive 
of a threefold. Lemma 4.18 makes it possible to conclude. □ 



5 On the motive of threefolds with a nef tangent bundle 

In this section we wish to prove theorem 2 for threefolds. In particular, in view of corollary 
2.4, we prove that threefolds with a nef tangent bundle arc finite-dimensional in the sense 
of Kimura and satisfy Murre's conjectures (A), (B) and (D). This was already proved by 
Iyer [6]: 
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Theorem 5.1 (Iyer [6]). Let X be a complex threefold with a nef tangent bundle. Then 
X is finite- dimensional in the sense of Kimura and satisfies Murre's conjectures (A), (B) 
and (D). 

Iyer's proof is different from the one exposed below; it uses a classification result of 
Campana-Peternell [3, Th. 10.1] which states that thrccfolds with a ncf tangent bundle 
and with maximum irregularity among all of their etale covers are relative cellular varieties 
over an abelian variety. However, it seems that the argument of Iyer [6, p. 1676] is 
incomplete since the irregularity may increase after some finite etale cover of X. Thus it 
seems that Iyer only shows Murre's conjectures for threefolds which have a nef tangent 
bundle and which have maximum irregularity among all of their finite etale covers. 

Here we prove a more general statement. 

Theorem 5.2. Let X he a smooth projective threefold over a field C C. Assume that 
there exist a smooth projective variety Y which satisfies Grothendieck 's Lefschetz standard 
conjecture and which is finite- dimensional in the sense of Kimura, as well as a corre- 
spondence r G CiJdiinY(^ X X) such that the induced map (T^x))* '■ CHq(Y^x)) ~^ 

CHq{Xi^(^X)) is surjective. Then X is finite- dimensional in the sense of Kimura and sat- 
isfies Murre's conjectures (A), (B) and (D). If moreover dxmY <2, X satisfies Murre's 
conjecture (C). 

Let X be as in the theorem. We could prove Murre's conjectures (A), (B) and (D) the 
same way we did for fourfolds, or we could apply theorem 4.1 to X x P^. However, we 
follow another path and prove finite-dimensionality first and deduce Murre's conjectures 

for X by using the results of [13, §4.2]. Our theorem 5.2 complements Iyer's theorem by 
showing Murre's conjecture (C) for threefolds with a nef tangent bundle which are not the 
finite quotients of an abelian threefold. 

Let's now move on to proving theorem 5.2. 

Lemma 5.3. Let N = (y, n) he a motive. Assume that Y satisfies the Lefschetz standard 
conjecture and that all morphisms P — > iV for P in Mfd o,re numerically trivial. Then 
CH^{Yk, Qk) = for all field extensions K/k. 

Proof. If P is Kimura finite-dimensional, then Pk is too. If P ^ is numerically trivial 
for all P in Mfd-, then in particular for all curves C and all integers I every morphism 
[}(C)(Z) — ?> A is numerically trivial. By assumption Y satisfies the Lefschetz standard con- 
jecture so that Cxi" does too for all curves C. Therefore, by [1, 5.4.2.1], homological and 
numerical equivalence agree on C x y. Thus, every morphism \){C){1) N is homologi- 
cally trivial. It follows that every morphism {)(Cx)(0 — >■ Nk is homologically trivial and 
hence numerically trivial. Let r := vr^^^ -|- tt^ € CHdimviY x y) be a correspondence as 
in the proof of lemma 4.14. Then, because r factors through a curve, r^ is numerically 
trivial by the above discussion. The lemma then follows from lemma 4.13. □ 
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Proof of finite- dimensionality in theorem 5.2. Consider the decomposition (*) i){X) = M© 
of section 4, i.e. M is finite-dimcnsional and any morphism P — > is numerically trivial 
for P a finitc-dimcnsional motive. By proposition 4.7, we have CHq[N^x)) — 0- Therefore, 
by theorem 3.6, there exist a variety S of dimension < 2 and an idempotent q G CifdimS'('S'x 
S) such that N ~ (5, g, 1). If dim 5 = 1, then N is finite-dimensional so that N = 0. Let's 
thus assume that dimS* = 2. As argued in the proof of proposition 4.10 we have an 
isomorphism {S,q,0) ~ {S,^q,-1). Therefore, CHo{Sk(s), Qkis)) = CHi{Sk(s),^Qk{S))- But 
CHi{Sk(s),^Qk(s)) = CH^{Sk(s)i^Qk{S)) must vanish by lemma 5.3. Hence, by theorem 3.6 
again, A^(— 1) c:^ {S,q) is isomorphic to a direct summand of the motive of a curve. It 
follows that N[—l) is finite-dimensional and hence that N = 0. 

We have thus proved that i){X) = M, i.e. that X is Kimura finite-dimensional. □ 

Proof of Murre's conjectures (A), (B) and (D) in theorem 5.2. Thanks to theorem 1 we 
know that a variety X as in theorem 5.2 satisfies the Lefschetz standard conjecture. We 
can now invoke: 

Theorem 5.4 (Proposition 4.6 & Theorem 4.8 in [13]). Let X he a variety of dimension 
< 3 which satisfies the Lefschetz standard conjecture and which is finite- dimensional in the 
sense of Kimura. Then X satisfies Murre's conjectures (A), (B) and (D). 

which concludes the proof. □ 
Finally, let's finish off the proof of theorem 5.2. 

Proposition 5.5. Let X and Y he as in theorem 5.2 and assume that dimY < 2. Then 
X has a Chow-Kiinneth decomposition and X satisfies Murre's conjecture (C). 

Proof. We now know that X is Kimura finite-dimensional and that it satisfies the Lef- 
schetz standard conjecture. Thus, according to [13, Theorem 4.8], we only need to prove 
that H^{X) is supported on a divisor. By theorem 3.6, Ax = if oTi + T2 for some corre- 
spondences Fi G CH2{Y X X) and some correspondence F2 G CH^{X x X) supported on 
D X X for some divisor D in X. This immediately implies that H^{X) is supported on a 
divisor. □ 

We thus obtain, in view of proposition 2.3, the following. 

Theorem 5.6. Let f : X' Y he a dominant rational map to a variety Y which satisfies 
the Lefschetz standard conjecture and which is finite- dimensional in the sense of Kimura. 
Assume that a general fibre F of a resolution of f satisfies CHq{F) = Q. Let X' — X 
he a dominant rational map to a variety X of dimension < 3. Then X is Kimura finite- 
dimensional and satisfies Murre's conjectures (A), (B) and (D). If moreover dimy < 2 
then X satisfies Murre's conjecture (C). □ 

By the theorem of Demailly-Peternell-Schncider theorem 5.1 immediately follows. Thus 
theorem 5.2 is indeed a refinement of Iyer's theorem 5.1. 
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